Abstract. Let E be a separable Banach space with the λ-bounded approximation property. We show that for each > 0 there is a Banach space F with a Schauder basis such that E is isometrically isomorphic to a 1-complemented subspace of F and, moreover, the sequence (Tn) of canonical projections in F has the properties If E is a separable Banach space with the λ-bounded approximation property, then the proof of Pełczyński [12] , which has been reproduced in the book of Lindenstrauss and Tzafriri [8, p. 38], shows that E is isometrically isomorphic to a 1-complemented subspace of a Banach space F with a Schauder basis, whose basis constant is at most 5λ.
Introduction. Pełczyński [12] and Johnson, Rosenthal and Zippin [7] have independently shown that every separable Banach space with the bounded approximation property is topologically isomorphic to a complemented subspace of a Banach space with a Schauder basis.
If E is a separable Banach space with the λ-bounded approximation property, then the proof of Pełczyński [12] , which has been reproduced in the book of Lindenstrauss and Tzafriri [8, p. 38] , shows that E is isometrically isomorphic to a 1-complemented subspace of a Banach space F with a Schauder basis, whose basis constant is at most 5λ.
In this paper we show that if E is a separable Banach space with the λ-bounded approximation property, then for each > 0 there is a Banach space F with a Schauder basis, whose basis constant is at most λ + , such that E is isometrically isomorphic to a 1-complemented subspace of F . Our proof is a refinement of the proof of Pełczyński [12] .
We establish our main result in Section 1. In Section 2 we use that result to extend some recent results for holomorphic functions on Banach spaces with Schauder bases (see [11] ) to the realm of separable Banach spaces with the bounded approximation property.
1. Schauder bases and the bounded approximation property. If λ ≥ 1, then a Banach space E is said to have the λ-bounded approximation property if for each compact set K ⊂ E and > 0, there is a finite rank operator T ∈ L(E; E) such that T ≤ λ and T x − x ≤ for every x ∈ K; E is said to have the bounded approximation property if E has the λ-bounded approximation property for some λ ≥ 1; and E is said to have the metric approximation property if E has the 1-bounded approximation property.
A sequence (e n ) ⊂ E is said to be a Schauder basis if each x ∈ E can be uniquely written as a convergent series x = ∞ n=1 ξ n e n with (ξ n ) ⊂ K. Let (T n ) denote the sequence of canonical projections, that is,
Let c denote the basis constant, and let c a denote the asymptotic basis constant, that is, c = sup
A Schauder basis is said to be monotone if c = 1, and asymptotically monotone if c a = 1. Clearly every monotone basis is asymptotically monotone, but while monotone bases are rather special, asymptotically monotone bases can be found everywhere. Indeed, as pointed out in [11] , an examination of the proof of a classical result of Mazur (see [8, Theorem 1.a.5]) shows the following theorem.
Theorem 1.1. Every infinite-dimensional Banach space contains a closed, infinite-dimensional subspace with an asymptotically monotone Schauder basis.
We remark that Theorem 1.1 was first proved by Day [2] . His proof is based on a generalization of the Borsuk-Ulam antipodal theorem.
We also remark that Szarek [13] has given an example of a separable reflexive Banach space with the metric approximation property which does not have a Schauder basis.
For background information on Schauder bases and approximation properties we refer to the book of Lindenstrauss and Tzafriri [8] .
Our main result is the following theorem.
Theorem 1.2. Let E be a separable Banach space with the λ-bounded approximation property. Then for each > 0 there is a Banach space F with a Schauder basis such that E is isometrically isomorphic to a 1-complemented subspace of F and, moreover, the sequence (T n ) of canonical projections in F has the properties c = sup
Corollary 1.3. Every separable Banach space with the metric approximation property is isometrically isomorphic to a 1-complemented subspace of a Banach space with an asymptotically monotone Schauder basis.
To prove the theorem we need the following lemma, a refinement of a lemma due to Pełczyński [12] . Lemma 1.4. Let E be a Banach space of finite dimension n. Then for each > 0, there are m ∈ N and operators B 1 , . . . , B mn ∈ L(E; E) of rank one such that
Proof. By Auerbach's lemma (see [8, Proposition 1.c.3] ) there are normone vectors e 1 , . . . , e n ∈ E and φ 1 , . . . , φ n ∈ E such that φ j (e k ) = δ jk for j, k = 1, . . . , n. Let A 1 , . . . , A n ∈ L(E; E) be defined by A j x = φ j (x)e j . Then each A j has norm one and rank one, and
Fix m ∈ N. Then each integer k with 1 ≤ k ≤ mn can be uniquely written in the form
If k is given by (2) we define B k = m −1 A s . By using (1), it follows that
Similarly we have
Since mn = (m − 1)n + n, it follows that
On the other hand, if 1 ≤ k ≤ mn, then
To complete the proof it suffices to choose m such that (n − 1)/m < .
Proof of Theorem 1.2. Let (x n ) be a countable dense subset of E. Let (U n ) be a sequence of finite rank operators in L(E; E) such that U n ≤ λ for every n and U n x j − x j ≤ 1/n whenever 1 ≤ j ≤ n. It follows that (U n ) converges to the identity uniformly on compact subsets of E. If we define
Let M n = V n (E) for every n, and let ( n ) be a strictly decreasing sequence of positive numbers tending to zero, with 1 = /λ. By Lemma 1.4 for each n ∈ N there are operators
Set p 0 = 0. Then each k ∈ N can be uniquely written in the form
If k is given by (3), then we define δ k = n and
On the one hand, it follows that
and the last expression tends to zero when n tends to infinity. Since each A j has rank one, we may write A j x = φ j (x)a j with φ j ∈ E and a j ∈ E, a j = 1. Thus
On the other hand, it follows that
and therefore
Let F be the vector space of all sequences y = (η j ) ⊂ K such that the series ∞ j=1 η j a j converges in E. Then a standard argument shows that F , endowed with the norm
is a Banach space whose unit vectors form a monotone Schauder basis. Let (T k ) denote the sequence of canonical projections in F , that is,
Let A ∈ L(E; F ) and B ∈ L(F ; E) be defined by
Since B • Ax = x for every x ∈ E, E is isomorphic to a complemented subspace of F .
Next we will renorm F so as to obtain all the stated properties. Consider the set
Clearly W is convex and balanced. Since
it follows that W is bounded in F . And since W ⊃ {y = (η j ) ∈ F : By ≤ 1 and y ≤ λ}, it follows that W is a 0-neighborhood in F , and is in particular absorbing. Let F W denote the vector space F , seminormed by the Minkowski functional p W of W . Since W is bounded in F , p W is a norm and the identity mapping F W → F is continuous. And since W is a 0-neighborhood in F , the identity mapping F W → F is actually a homeomorphism. In particular, F W is a Banach space whose unit vectors form a Schauder basis.
If
On the other hand,
To complete the proof of the theorem we will prove that (4) T k y ∈ λ(1 + δ k )W for all y ∈ W and k ∈ N.
To see this write y = (η j ) and T k y = (σ j ), where σ j = η j if 1 ≤ j ≤ k and σ j = 0 if j > k. On the one hand,
On the other hand, if
Thus (4) shows that
thus completing the proof. Johnson [6] has proved that every separable reflexive Banach space with the bounded approximation property is isomorphic to a complemented subspace of a reflexive Banach space with a Schauder basis, but he gives no estimate of the size of the basis constant. On the other hand, Grothendieck [5, Chapitre I, p. 181] (see also [8, Theorem 1.e.15]) has shown that every reflexive Banach space with the approximation property already has the metric approximation property.
Motivated by these results, we would like to prove that every separable reflexive Banach space with the (metric) approximation property is isometrically isomorphic to a 1-complemented subspace of a reflexive Banach space with an asymptotically monotone Schauder basis. But we have been unable to use the method of proof of Theorem 1.2 to prove this.
Weakly continuous holomorphic functions.
In a recent paper we have made a detailed study of certain algebras of weakly continuous holomorphic functions on a Banach space with a Schauder basis (see [11] ). With the aid of Theorem 1.2 we can extend some of those results to the realm of separable Banach spaces with the bounded approximation property.
Before stating our results we have to introduce some notation and terminology. For background information on infinite-dimensional complex analysis we refer to the books of Dineen [3] or Mujica [10] .
Let E be a complex Banach space, let U be an open subset of E, and let H(U ) denote the algebra of all complex-valued holomorphic functions on U .
Given A ⊂ U and F ⊂ H(U ), the setÂ F is defined bŷ
For each x ∈ U let d U (x) denote the distance from x to the boundary of U . For each A ⊂ U we define d U (A) = inf x∈A d U (x). The open set U is said to be pseudoconvex if the function − log d U is plurisubharmonic on U .
Let F be a separable Banach space with the λ-bounded approximation property. By Theorem 1.2 we may identify F with a 1-complemented subspace of a Banach space E with a Schauder basis, whose asymptotic constant is at most λ. Let (T n ) denote the sequence of canonical projections in E, and let π be a norm-one projection from E onto F .
If V is a pseudoconvex open subset of F , then U = π −1 (V ) is a pseudoconvex open subset of E and U ∩ F = V (see [10, Proposition 37.8 
]).
Consider the following sequences of open subsets of U :
Let C(U ) denote the sequence (C j (U )), and let H wu (C(U )) denote the subalgebra of all f ∈ H(U ) that are weakly uniformly continuous on each C j (U ). It is a Fréchet algebra for the topology of uniform convergence on the sets C j (U ).
Next consider the following sequence of open subsets of V :
Let C(V ) denote the sequence (C j (V )), and let H wu (C(V )) denote the subalgebra of all f ∈ H(V ) that are weakly uniformly continuous on each C j (V ). It is a Fréchet algebra for the topology of uniform convergence on the sets C j (V ).
With this terminology we have the following theorem.
Theorem 2.1. (a) Let E be a Banach space with a Schauder basis, and let U be a pseudoconvex open subset of E. Then U is the domain of existence of a function f ∈ H wu (C(U )).
(b) Let F be a separable Banach space with the bounded approximation property, and let V be a pseudoconvex open subset of F . Then V is the domain of existence of a function g ∈ H wu (C(V )).
Proof. (a) was proved in [11, Theorem 1.2] , and the proof rests on the following property of the sequence (C j (U )), established in [11, Lemma 1.4]:
(b) The proof of (b) is a straightforward adaptation of the proof of [11, Theorem 1.2], and the proof rests on the following property of the sequence (C j (V )):
We can readily see that (6) follows from (5). Indeed, if
Let 0 < α ≤ 1, and let H αwud (U ) (resp. H αd (U )) denote the algebra of all f ∈ H(U ) that are weakly uniformly continuous (resp. bounded) on each ball B(x; r) with x ∈ U and 0 < r < αd U (x). It follows from an argument of Aron and Prolla [1, Lemma 2.2] that H αwud (U ) ⊂ H αd (U ). If the underlying space is separable, then H αd (U ) is a Fréchet space for the topology of uniform convergence on the balls B(x; r) with x ∈ U and 0 < r < αd U (x), and H αwud (U ) is a closed subalgebra of H αd (U ). The algebra H αd (U ) was studied by Matos [9] a long time ago, and has recently been rediscovered by Dineen and Venkova [4] when α = 1. With this terminology we have the following theorem. (7) For each x ∈ U and 0 < r < (3c a ) −2 d U (x), the ball B E (x, r) is contained in some C j (U ).
If α = (3c a ) −2 , then it follows from (7) that H wu (C(U )) ⊂ H αwud (U ), and then (a) follows from Theorem 2.1(a).
(b) The proof of (b) is similar. Indeed, it follows from Theorem 1.2 that c a ≤ λ, and therefore (7) implies the following: (8) For each y ∈ V and 0 < r < (3λ) −2 d V (y), the ball B F (y; r) is contained in some C j (V ).
If β = (3λ) −2 , then it follows from (8) that H wu (C(V )) ⊂ H βwud (V ), and then (b) follows from Theorem 2.1(b).
Theorem 2.3. (a) Let E be a Banach space with a Schauder basis, and let U be a pseudoconvex open subset of E. Let (x p ) be a sequence of distinct points of U such that d U (x p ) → 0. Then there exists f ∈ H wu (C(U )) such that |f (x p )| → ∞ and f (x p ) = f (x q ) whenever p = q.
(b) Let F be a separable Banach space with the bounded approximation property, and let V be a pseudoconvex open subset of F . Let (y p ) be a sequence of distinct points of V such that d V (y p ) → 0. Then there exists g ∈ H wu (C(V )) such that |g(y p )| → ∞ and g(y p ) = g(y q ) whenever p = q.
Proof. (a) was proved in [11, Theorem 2.1], and the proof rests on property (5) of the sequence (C j (U )).
(b) The proof of (b) is a straightforward adaptation of the proof of [11, Theorem 2.1], and rests on property (6) of (C j (V )). 
(b) Let F be a separable Banach space with the λ-bounded approximation property, and let V be a pseudoconvex open subset of F . Let (y p ) be a sequence of distinct points of V such that d V (y p ) → 0. If β = (3λ) −2 , then there exists g ∈ H βwud (V ) such that |g(y p )| → ∞ and g(y p ) = g(y q ) whenever p = q.
Proof. (a) was proved in [11, Theorem 2.3] . Actually, it follows from property (7) of the sequence (C j (U )) that H wu (C(U )) ⊂ H αwud (U ), and then (a) follows from Theorem 2.3(a).
(b) Likewise, it follows from property (8) of the sequence (C j (V )) that H wu (C(V )) ⊂ H βwud (V ), and then (b) follows from Theorem 2.3(b).
If G is a Banach space, then the space H αwud (U ; G) is defined in the obvious way.
Theorem 2.5. (a) Let E be a Banach space with a Schauder basis, and let U be a pseudoconvex open subset of E. Let (x p ) be a sequence of distinct points of U such that d U (x p ) → 0, and let (z p ) be an arbitrary sequence in a Banach space G. If α = (3c a ) −2 , then there exists f ∈ H αwud (U ; G) such that f (x p ) = z p for every p.
(b) Let F be a separable Banach space with the λ-bounded approximation property, and let V be a pseudoconvex open subset of F . Let (y p ) be a sequence of distinct points of V such that d V (y p ) → 0, and let (z p ) be an arbitrary sequence in a Banach space G. If β = (3λ) −2 , then there exists g ∈ H βwud (V ; G) such that g(y p ) = z p for every p. Proof. (a) was proved in a more general form in [11, Theorem 3.2] . (b) By Theorem 1.2 we may identify F with a 1-complemented subspace of a Banach space E with a Schauder basis, with c a ≤ λ. Let π be a normone projection from E onto F , and let U = π −1 (V ). If g ∈ H(V ), then g • π ∈ H(U ). By (a) there is a sequence (f n ) ⊂ H αwud (U ) which converges to g • π in (H(U ), τ 0 ). If we define g n = f n |U ∩ F = f n |V , then it follows that (g n ) ⊂ H αwud (V ) and (g n ) converges to g in (H(V ), τ 0 ). Since c a ≤ λ, it follows that β ≤ α, and the proof is complete.
In a similar manner we could extend other results from [11] to the realm of separable Banach spaces with the bounded approximation property.
